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ON ATOMIC DENSITY OF NUMERICAL SEMIGROUP ALGEBRAS
RANTHONY A.C. EDMONDS, BETHANY KUBIK, CHRISTOPHER O’NEILL, AND SHANNON TALBOTT
Abstract. A numerical semigroup S is a cofinite, additively-closed subset of the non-negative
integers that contains 0. In this paper, we initiate the study of atomic density, an asymptotic measure
of the percentage of irreducible elements in a given ring or semigroup, for numerical semigroup
algebras. It is well known that the atomic density of the polynomial ring F2[x] is zero; we prove that
the numerical semigroup algebra F2[x2, x3] also has atomic density zero. Additionally, we provide a
counting formula for irreducible polynomials in F2[x2, x3].
1. Introduction
In this paper, N denotes the set of non-negative integers, and Fq denotes the field with q elements.
A numerical semigroup is a subset S ⊆ N that is closed under addition, has finite complement in N,
and contains zero. Every numerical semigroup admits a unique generating set that is minimal with
respect to containment and, unless otherwise stated, whenever we write
S = 〈n1, . . . , nk〉 = {a1n1 + · · ·+ aknk : ai ∈ N},
we assume n1, . . . , nk are the minimal generators of S. The smallest possible value of k above is called
the embedding dimension of S. We say a ∈ N is a gap of S if a /∈ S, and the largest gap of S, denoted
F(S), is called the Frobenius number of S. For more background on numerical semigroups, see [4].
Given a numerical semigroup S and a field F, the semigroup algebra F[S] is the set of polynomials
of the form a0 + a1x+ · · ·+ adx
d ∈ F[x] in which ai = 0 whenever i /∈ S. Notice that if S = N, then
F[S] = F[x]. Semigroup algebras arise in numerous combinatorial-algebraic settings, such as in the
study of toric varieties [9].
A non-constant polynomial f(x) ∈ F[S] is irreducible if we cannot write f(x) = a(x)b(x) such that
a(x), b(x) ∈ F[S] both have positive degree. A factorization of f is an expression for f as a product
of irreducible elements. Unless S = N, there will exist elements in F[S] that admit non-unique
factorization, as, for instance,
xn1n2 = (xn1)n2 = (xn2)n1
since xn1 and xn2 are necessarily irreducible in F[x] (here, “unique” means up to reordering and up
to associates). The concept of non-unique factorization has been studied in a wealth of settings,
such as block monoids and Krull monoids [19], which are central to additive combinatorics and the
study of algebraic number fields. Numerical semigroup algebras [5], as well as numerical semigroups
themselves [17], also make frequent appearances. For a thorough introduction to this vast area of
research, see [12].
Ranthony A.C. Edmonds, Department of Mathematics, The Ohio State University
Bethany Kubik, Department of Mathematics and Statistics, University of Minnesota Duluth
Christopher O’Neill, Mathematics and Statistics Department, San Diego State University
Shannon Talbott, Department of Mathematics and Computer Science, Moravian College
E-mail addresses: edmonds.110@osu.edu, bakubik@d.umn.edu, cdoneill@sdsu.edu, talbotts@moravian.edu.
2010 Mathematics Subject Classification. Primary 20M14, 12E05, 13A05.
Key words and phrases. atomic density; numerical semigroup.
1
2 R.A.C. EDMONDS, B. KUBIK, C. O’NEILL, AND S. TALBOTT
In this paper, we consider semigroup algebras of the form Fq[S] for some finite field Fq and numerical
semigroup S, and examine the atomic density of Fq[S], that is, the value
lim
n→∞
#{irreducible f(x) ∈ Fq[x] : deg f(x) = n}
#{f(x) ∈ Fq[x] : deg f(x) = n}
.
Note that if S = N, then Fq[S] = Fq[x], where it is known that the atomic density is 0. This means
that, in some sense, “most” polynomials in Fq[x] are reducible. We state this fact here; a proof can
be found in Appendix A.
Theorem 1.1. Let a(n) denote the number of irreducible polynomials of degree n in Fq[x]. We have
a(n)
qn
≤
1
n
for each n ≥ 2. In particular, Fq[x] has atomic density 0.
It is natural to ask the following question.
Question 1.2. What is the atomic density of Fq[S] for a given numerical semigroup S?
In this paper, we answer Question 1.2 in the case where S = 〈2, 3〉 and Fq = F2. The resulting
semigroup algebra F2[x
2, x3] has been studied in factorization theory [1, 2], wherein it regularly occurs
as a counterexample since it is a domain that does not satisfy the unique factorization property nor
the half-factorial property (meaning there exist elements with factorizations of different lengths).
Surprisingly, atomic density does not appear to have been previously considered in this context.
The paper is organized as follows. In Section 2, we define three classes of irreducible polynomials
in F2[x
2, x3] (Definition 2.2) and prove that they comprise all irreducible polynomials therein (Propo-
sition 2.1). In Section 3, we prove an upper bound on the number of irreducible polynomials within
each class, from which we obtain the main result of the paper, namely, that the atomic density of the
semigroup algebra F2[x
2, x3] is 0 (Theorem 3.1). In Section 4, we provide a formula for the number of
irreducible polynomials of each degree in F2[x
2, x3] in terms of the number of irreducible polynomials
in F2[x] of each degree with linear term and non-zero constant term. In Appendix A, we provide
a discussion of the Mo¨bius inversion formula, which is used to count the number of polynomials of
degree d over GF (q). In Appendix B, we list all polynomials in F2[x
2, x3] up to degree 8 along with
all factorizations for those that are reducible in F2[x
2, x3].
Throughout this project, we used the GAP package numericalsgps [10] from within Sage, with the
help of the numsgpsalg [18] and NumericalSemigroup.sage [16] packages, both available on Github.
2. Types of Irreducible Polynomials
Any irreducible element p(x) ∈ F2[x
2, x3] belongs to one of three classes of irreducible polynomials,
which we call classic type, tame type, and wild type (Definition 2.2). We determine each type by
viewing irreducible elements of F2[x
2, x3] as (possibly reducible) elements of F2[x] via the natural
embedding F2[x
2, x3] →֒ F2[x] and examining their factorization in F2[x]. Passing from F2[x
2, x3] to
F2[x] has the advantage of moving from a finite factorization domain to a unique factorization domain.
We begin with the following proposition, which limits the possible ways an irreducible polynomial
in F2[x
2, x3] can reduce in F2[x].
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Proposition 2.1. Let p(x) ∈ F2[x
2, x3] be a polynomial that is irreducible in F2[x
2, x3] and reduces
in F2[x]. Then each factor of p(x), when reduced in F2[x], has a linear term. That is, if we write
p(x) = ℓ1(x) · · · ℓk(x) as the factorization of p(x) in F2[x] into irreducible terms, where
ℓi(x) =
deg(ℓi)∑
j=0
ajx
j ,
then a1 6= 0 for each i.
Proof. Let p(x) ∈ F2[x
2, x3] be a polynomial that is irreducible in F2[x
2, x3] and reduces in F2[x].
Suppose we have the factorization
p(x) = ℓ1(x) · · · ℓk(x)q1(x) · · · qm(x),
where ℓi(x) ∈ F2[x], ℓi(x) 6∈ F2[x
2, x3], and qi(x) ∈ F2[x
2, x3]. Let r(x) = ℓ1(x) · · · ℓk(x) and q(x) =
q1(x) · · · qm(x). Then p(x) = r(x) · q(x), and q(x) ∈ F2[x
2, x3]. If r(x) has no linear term, then
r(x) ∈ F2[x
2, x3] and p(x) factors into r(x) and q(x) in F2[x
2, x3]. This is a contradiction since p(x)
is irreducible in F2[x
2, x3].
It follows that r(x) must have a non-zero linear term; that is, r(x) ∈ F2[x] and r(x) 6∈ F2[x
2, x3].
Since q(x) has no linear term, it must be of the form q(x) = 1, q(x) = xts + · · · + xt2 + xt1 , or
q(x) = xts + · · ·+ xt2 + xt1 + 1, where ti > 1 for all i and exponents are written in decreasing order.
If q(x) = xts + · · ·+xt2 +xt1 = q1(x) · · · qm(x), then we can factor out at least one linear term, x. This
implies that at least one factor of q(x), say q1(x), is in F2[x] and not in F2[x
2, x3], a contradiction since
all qi(x) ∈ F2[x
2, x3]. If q(x) = xts + · · ·+xt2 +xt1 +1, then p(x) = r(x) ·q(x) when multiplied out has
a non-zero linear term (specifically 1 times the non-zero linear term of r(x)) and so this contradicts
that p(x) ∈ F2[x
2, x3]. Therefore, we conclude that q(x) = 1. 
Definition 2.2. Fix an irreducible polynomial p(x) ∈ F2[x
2, x3]. We say p(x) is
• of classic type if p(x) is irreducible in F2[x];
• of tame type if p(x) reduces in F2[x] as p(x) = x
kg(x), where g(x) is irreducible in F2[x]; and
• of wild type if p(x) reduces in F2[x] as p(x) = g(x)h(x), where g(x) and h(x) are irreducible.
Example 2.3. Consider the 5 irreducible degree-4 polynomials in F2[x
2, x3], namely
x4 + x3 + 1, x4 + x3 + x2, x4 + x3, x4 + x3 + x2 + 1, and x4 + x2 + 1.
The first, x4 + x3 + 1, is of classic type, as it is irreducible in F2[x] and has no linear term. The next
two, namely x4+x3+x2 and x4+x3, are both irreducible in F2[x
2, x3] but will clearly factor in F2[x],
as we can factor xk for some k. Note that this is only possible if 2 ≤ k ≤ 3, as otherwise the original
polynomial would reduce in F2[x
2, x3]. Lastly,
x4 + x3 + x2 + 1 = (x+ 1)(x3 + x+ 1) and x4 + x2 + 1 = (x2 + x+ 1)2
both reduce in F2[x], and all factors therein have a linear term and a non-zero constant term, making
them both of wild type. Note that this classification accounts for all irreducible polynomials in
F2[x
2, x3] of a given degree, by Proposition 2.1.
Remark 2.4. An interesting class of wild type irreducible polynomials in F2[x
2, x3] are those of the
form xp+1 for p a prime. It is natural to question for which primes p is xp+1 a wild type irreducible
in F2[x
2, x3]? Note that in F2[x], x
p+1 = (x+1)(xp−1+xp−2+ · · ·+x+1). Since wild type irreducible
polynomials have factorizations of length 2 in F2[x], and x + 1 is always irreducible, it follows that
xp + 1 is a wild type irreducible polynomial in F2[x
2, x3] if and only if xp−1 + xp−2 + · · ·+ x+ 1, the
pth cyclotomic polynomial Φp, is irreducible in F2[x]. The number of factors of Φp in F2[x] is given
by φ(p)/ordp(2), where φ is the Euler Totient function. It follows that Φp is irreducible if and only if
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2 is a primitive root modulo p. It is unknown for which primes p that 2 is a primitive root as well as
if there are finitely or infinitely many such primes.
Though it is unknown for which primes p we have that 2 is a primitive root, an examination for
primes 2 < p < 1000 revealed an interesting pattern for the factorization of xp + 1 in F2[x
2, x3]. For
small p, we saw that xp + 1 is reducible in F2[x
2, x3] if p ≡ 1 mod 8 or p ≡ 7 mod 8, and so in these
cases 2 is not a primitive root mod p and Φp is reducible in F2[x]. For example, x
7+1 and x409+1 are
reducible in F2[x
2, x3], noting that 409 ≡ 1 mod 8, and so Φ7 and Φ409 are reducible in F2[x]. This
search also revealed that p ≡ 3 mod 8 or p ≡ 5 mod 8 may be a necessary but not sufficient condition
for xp + 1 to be an atom in F2[x
2, x3] and, subsequently, for Φp to be irreducible in F2[x]. We say
not sufficient as there were primes p for which p ≡ 3 mod 8 or p ≡ 5 mod 8 but xp + 1 was reducible
in F2[x
2, x3]. For example, x131 + 1 is irreducible in F2[x
2, x3] and 131 ≡ 3 mod 8, but 43 ≡ 3 mod 8,
yet x43 + 1 is reducible in F2[x
2, x3]. There was no xp + 1 for 2 < p < 1000 that was irreducible
in F2[x
2, x3] when p ≡ 1 mod 8 or p ≡ 7 mod 8, however, for every xp + 1 irreducible in F2[x
2, x3],
p ≡ 3 mod 8 or p ≡ 5 mod 8.
A general discussion of when a number a is a primitive root of p can be found in [14]. A modified
conjecture of Artin with regards to the fraction of primes p ≤ x for large x for which a nonsquare
integer a is a primitive root of p notes that for a = 2, the ratio is 0.37456. This result is dependent
upon the extended Riemann hypothesis. This example highlights the challenges in characterizing
irreducibles of a certain form in F2[x
2, x3].
3. The atomic density
We begin by stating our main result, whose proof is given at the end of this section.
Theorem 3.1. The semigroup algebra F2[x
2, x3] has atomic density 0.
In view of Proposition 2.1, we proceed by considering each type of irreducible in F2[x
2, x3] sepa-
rately. In what follows, let a(n) denote the number of irreducible polynomials of degree n in F2[x], and
let b1(n), b2(n), and b3(n) denote the number of classic, tame, and wild type irreducible polynomials
of degree n in F2[x
2, x3], respectively.
Proposition 3.2. The density of classic type irreducibles in F2[x
2, x3] is given by
lim
n→∞
b1(n)
2n
= 0.
Proof. By Proposition 1.10, since b1(n) < a(n) for n ≥ 2, we have
lim
n→∞
b1(n)
2n
≤ lim
n→∞
a(n)
2n
= 0,
as desired. 
Remark 3.3. It is worth noting that the above bound for b1(n) is a crude estimate. Computational
evidence suggests that b1(n) ≈ a(n)/2 for large n. In particular, for polynomials of odd degree, it
appears that b1(n) = a(n)/2 exactly; and for those of even degree, we have b1(n) ≈ ka(n), where k
limits to 1/2 as n increases. We elaborate on refining bounds for the respective types of irreducible
polynomials in F2[x
2, x3] in Section 5.
The next proposition shows that the density of tame type irreducible elements in F2[x
2, x3] is also 0.
Proposition 3.4. The density of tame type irreducible polynomials in F2[x
2, x3] is given by
lim
n→∞
b2(n)
2n
= 0.
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Proof. A tame type irreducible polynomial p(x) must factor as p(x) = xtg(x), where 2 ≤ t ≤ 3 and
g(x) has a linear term (by Proposition 2.1) and a non-zero constant term. Moreover, we claim g(x) is
an atom in F2[x]. Towards a contradiction, suppose g(x) = g1(x)g2(x) for some g1(x), g2(x) ∈ F2[x].
Since g(x) has constant term 1 then g1(x) and g2(x) must each have a constant term of 1 as well. We
cannot have both g1(x) and g2(x) with a linear term, as this implies the coefficient of the linear term
in their product g(x) will be 0, so only one has a linear term, say g1(x). Then p(x) = (x
tg1(x))g2(x)
is a factorization of p(x) in F2[x
2, x3], a contradiction.
As a consequence of the above argument, we can associate every tame type irreducible polynomial
of degree n in F2[x
2, x3] with a unique irreducible polynomial g(x) in F2[x] of degree n− 2 (if t = 2)
or of degree n− 3 (if t = 3). So, we have that b2(n) ≤ a(n− 2) + a(n− 3), and it follows that
lim
n→∞
b2(n)
2n
≤ lim
n→∞
a(n− 2) + a(n− 3)
2n
= lim
n→∞
a(n− 2)
2n
+ lim
n→∞
a(n− 3)
2n
≤ lim
n→∞
a(n− 2)
2n−2
+ lim
n→∞
a(n− 3)
2n−3
= 0.
This completes the proof. 
We now prove that the last type of irreducible polynomials in F2[x
2, x3], namely those of wild type,
have density as well 0.
Proposition 3.5. The density of wild type irreducible polynomials in F2[x
2, x3] is given by
lim
n→∞
b3(n)
2n
= 0.
Proof. By Proposition 2.1, each wild type irreducible polynomial in F2[x
2, x3] of degree n is a product
of exactly two irreducible elements of F2[x], which must have degrees k and n − k, respectively, for
some k = 1, . . . , ⌊n/2⌋. In particular,
b3(n) ≤
⌊n/2⌋∑
k=1
a(k)a(n− k).
Using Theorem 1.1, we obtain
b3(n)
2n
≤
⌊n/2⌋∑
k=1
a(k)a(n− k)
2n
=
⌊n/2⌋∑
k=1
a(k)
2k
a(n− k)
2n−k
≤
⌊n/2⌋∑
k=1
1
k(n− k)
,
which can be simplified as
⌊n/2⌋∑
k=1
1
k(n− k)
=
1
n
⌊n/2⌋∑
k=1
n− k + k
k(n− k)
=
1
n
⌊n/2⌋∑
k=1
1
k
+
1
n− k
=
1
n
⌊n/2⌋∑
k=1
1
k
+
1
n
⌊n/2⌋∑
k=1
1
n− k
≤
1
n
(
2 +
n−1∑
k=1
1
k
)
.
Finally, applying the asymptotic growth rate of the harmonic series [3, Theorem 3.2] and L’Hopital’s
rule yields, for some constant C,
lim
n→∞
b3(n)
2n
≤ lim
n→∞
1
n
(
2 +
n−1∑
k=1
1
k
)
= lim
n→∞
1
n
(
ln(n) + C +O
(
1
n
))
= 0,
thereby completing the proof. 
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Proof of Theorem 3.1. As Propositions 3.2, 3.4, and 3.5 provide upper bounds on the number of
irreducible polynomials in F2[x
2, x3] of classic, tame, and wild type, respectively, we obtain
lim
n→∞
b1(n) + b2(n) + b3(n)
2n
= 0
as the atomic density of F2[x]. 
4. Counting irreducible polynomials by degree
The number of monic irreducible polynomials of degree n over a finite field Fq is given by
a(n) =
1
n
∑
d|n
µ
(
n/d
)
· qd,
where µ(n) is the Mo¨bius function (see Appendix A). In Section 3, we used a(n) to bound the number
of classic, tame, and wild irreducibles in F2[x
2, x3] to show that the atomic density of F2[x
2, x3] is 0.
In this section, we give an explicit formula for b(n), the number of irreducible polynomials of degree n
in F2[x
2, x3], that also relies on the Mo¨bius function.
Lemma 4.1. The number b(n) of irreducible polynomials in F2[x
2, x3] of degree n is given by
b(n) = a(n)− s(n) + s(n− 2) + s(n− 3) +
⌊n/2⌋∑
k+l=n
s(k)s(l),
where a(n) is the number of irreducible polynomials in F2[x] of degree n and s(n) is the number of
such polynomials whose linear and constant terms are both nonzero.
Proof. We proceed to obtain b(n) by determining the number of each type of irreducible polynomial,
as outlined in Section 2. First note that a classic type irreducible polynomial of degree n in F2[x
2, x3]
is also irreducible in F2[x], so it must belong to the set of irreducible polynomials in F2[x] of degree
n without a linear term. It follows immediately that b1(n) = a(n)− s(n).
We can construct tame type and wild type irreducible polynomials in F2[x
2, x3] using irreducible
polynomials with a linear term and nonzero constant term in F2[x]. Recall that a tame type irreducible
polynomial of degree n in F2[x
2, x3] factors in F2[x] as x
tg(x), where 2 ≤ t ≤ 3 and g(x) is an atom
in F2[x] with a linear term and nonzero constant term; that is, g(x) ∈ s(n− t). To construct all tame
type irreducible polynomials of degree n in F2[x
2, x3], we begin with f(x) = xtg(x) and let g(x) run
through each monic irreducible polynomial of degree n− 2, in the case that t = 2, and n− 3, in the
case that t = 3. Since F2[x] is a unique factorization domain, there is a one to one correspondence
between the irreducible polynomials g(x) ∈ s(n − t) in F2[x] and the set of tame type irreducible
polynomials in F2[x
2, x3]. Thus we can enumerate the tame type irreducible polynomials in F2[x
2, x3]
with the sets s(n− 2) and s(n− 3) in F2[x]. Here the tame type irreducible polynomials that factor
as xtg(x) with t = 2 will have the same cardinality as the set s(n − 2), and similarly the tame type
irreducible polynomials that factor as xtg(x) with t = 3 in F2[x] will have the same cardinality as the
set s(n− 3). More explicitly, we have that bt(n) = s(n− 2) + s(n − 3), where bt is the total number
of tame type irreducible polynomials of degree n in F2[x
2, x3].
Lastly, note that a wild type irreducible polynomial of degree n in F2[x
2, x3] factors in F2[x] as
g1(x)g2(x), where g1(x) has degree 1 ≤ k < n and and g2(x) has degree n− k. Recall that both g1(x)
and g2(x) must be atoms in F2[x], each with a linear term and nonzero constant term. To then build
wild type irreducible polynomials in F2[x
2, x3], we begin with a monic irreducible of degree k with
1 ≤ k < n in F2[x] with a linear term and nonzero constant term, call it g1(x). We then multiply
g1(x) by a monic irreducible g2(x) of degree n− k with a linear term and nonzero constant term. If
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Deg. s(d) Irreducible polynomials Irreducible polynomials
with linear term without linear term
2 1 x2 + x+ 1
3 1 x3 + x+ 1 x3 + x2 + 1
4 2 x4 + x3 + x2 + x+ 1 x4 + x3 + 1
x4 + x+ 1
5 3 x5 + x4 + x3 + x+ 1 x5 + x4 + x3 + x2 + 1
x5 + x4 + x2 + x+ 1 x5 + x3 + 1
x5 + x3 + x2 + x+ 1
Table 1. Irreducible polynomials in F2[x] of degree d = 2, 3, 4, 5.
we run g2(x) through each monic irreducible polynomial in s(n− k) for each fixed monic irreducible
polynomial g1(x) of degree 1 ≤ k < n, we determine all wild type irreducible polynomials of degree
n in F2[x
2, x3] that factor into two monic irreducible polynomials with a linear term of degree k and
l = n− k, respectively, for a fixed 1 ≤ k < n. If we sum over pairs (k,l) where k + l = n, we see that
the number of wild type irreducibles in F2[x
2, x3] is given by
bw(d) =
⌊n
2
⌋∑
k+l=d
s(k)s(l).
This completes the proof. 
Example 4.2. Table 1 shows the irreducible polynomials in F2[x] of degree d ≤ 5 along with the
irreducible polynomials of degree d ≤ 5 with a linear term. We can use these to construct all irreducible
polynomials of degree 5 in F2[x
2, x3].
To find classic type irreducible polynomials of degree 5 in F2[x
2, x3], we take all irreducible poly-
nomials in F2[x] of degree 5 without a linear term; that is, x
5 + x4 + x3 + x2 +1 and x5 + x3 +1. We
see that bc(5) = a(5)− s(5) = 5− 3 = 2.
Next, we note that a tame type irreducible polynomial of degree 5 in F2[x
2, x3] will be of the form
x3g(x) ∈ F2[x] or x
2g(x) ∈ F2[x], where g(x) is an irreducible polynomial of degree 2 with a linear
term or of degree 3 with a linear term, respectively. Thus, the tame type irreducible polynomials in
F2[x
2, x3] are x5 + x4 + x3 = x3(x2 + x + 1) and x5 + x3 + x2 = x2(x3 + x + 1), and we see that
bt(5) = s(3) + s(2) = 1 + 1 = 2.
Lastly, we can build wild type irreducible polynomials of degree 5 in F2[x
2, x3] by multiplying
pairs of irreducible polynomials with a linear term whose degree add to 5. We have the following
possibilities: (x + 1)(x4 + x3 + x2 + x + 1) = x5 + 1, (x + 1)(x4 + x + 1) = x5 + x4 + x2 + 1, and
(x2+x+1)(x3+x+1) = x5+x2+1. Thus, the wild type irreducible polynomials of degree 5 in F2[x
2, x3]
are x5+1, x5+x4+x2+1, and x5+x2+1, and we see bw(5) = s(1)s(4)+s(2)s(3) = 1 ·2+1 ·1 = 3 and
b(5) = bc(5) + bt(5) + bw(5) = a(5)− s(5) + s(3) + s(2) + s(1)s(4) + s(2)s(3) = 3 + 2 + 3 = 8.
All of the irreducible polynomials of degree 5 are given in Table 2.
The previous example and Lemma 4.1 highlight that we can both build and enumerate irreducible
polynomials of a given degree in F2[x
2, x3] if we have enough knowledge about the irreducible polyno-
mials in F2[x]. While Lemma 4.1 gives an explicit formula for counting irreducibles of a given degree
n in F2[x
2, x3], it is reliant upon knowing s(n) for arbitrary n. We next show that we can determine
the number of irreducible polynomials with a linear term of a given degree n in F2[x] by displaying a
bijection between irreducible polynomials in this set and self-irreducible polynomials of degree 2n.
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Type of Irreducible Irreducible in F2[x
2, x3] Factorization in F2[x]
Classic x5 + x4 + x3 + x2 + 1 x5 + x4 + x3 + x2 + 1
Classic x5 + x3 + 1 x5 + x3 + 1
Tame x5 + x4 + x3 x3(x2 + x+ 1)
Tame x5 + x3 + x2 x2(x3 + x+ 1)
Wild x5 + 1 (x+ 1)(x4 + x3 + x2 + x+ 1)
Wild x5 + x4 + x2 + 1 (x+ 1)(x4 + x+ 1)
Wild x5 + x2 + 1 (x2 + x+ 1)(x3 + x+ 1)
Table 2. Irreducible polynomials in F2[x
2, x3] of degree 5.
Let f(x) ∈ Fq[x] be given by f(x) = adx
d+ad−1x
d−1+ · · ·+a1x+a0. The reciprocal polynomial of
f(x), denoted f∗(x), is given by f∗(x) = xdf
(
1
x
)
= a0x
d+a1x
d−1+ · · ·+ad−1x+ad. If f(x) = f
∗(x),
then f(x) is said to be a self-reciprocal polynomial (or a palindrome). If, in turn, f∗(x) = f(x) is
irreducible, then f(x) is said to be a self-reciprocal irreducible polynomial.
Any polynomial f(x) of degree n over Fq can be transformed into a self-reciprocal polynomial,
denoted fQ(x), where fQ = xnf(x + 1x ). Note that the transformation x 7→ x
nf(x + 1x) takes a
degree n polynomial to a degree 2n self-reciprocal polynomial. The following theorem states that
every self-reciprocal polynomial of degree 2n can be obtained from this transformation [13].
Theorem 4.3. Let g be any monic self-reciprocal polynomial of degree 2d over F = GF (q). Then
there exists a polynomial f of degree d over F such that g = fQ. If g is irreducible then f is also
irreducible.
This theorem implies that the map from the set of monic irreducible polynomials of degree n in
Fq[x] to the set of monic irreducible self-reciprocal polynomials of degree 2n over Fq is surjective.
However, if we start with a monic irreducible polynomial of degree n over Fq, f
Q(x) is a monic self-
reciprocal polynomial but is not necessarily irreducible. For example, f(x) = x5+x3+1 is irreducible
over F2[x] but f
Q(x) = x10 + x6 + x5 + x4 + 1 = (x5 + x4 + x2 + x+ 1)2 is not irreducible over F2[x].
The following results answer the question of what restrictions must be placed on a monic irreducible
polynomial f(x) so that fQ(x) is irreducible.
Theorem 4.4 (Meyn 1990). Let f(x) = anx
d + an−1x
n−1 + · · · + a1x + a0 be a monic irreducible
polynomial of degree n 6= 1 over F = GF (q), where q is even. Then fQ is also irreducible if and only
if Tr(f(x)) = a1/a0 = 1.
Corollary 4.5. Let f(x) = anx
n + an−1x
n−1 + · · · + a1x + 1 be a monic irreducible polynomial in
F2[x]. Then f
Q is also irreducible if and only if a1 = 1.
The above corollary gives us the precise connection that we want. We restate it in the following
theorem.
Theorem 4.6. The number of irreducible self-reciprocal polynomials in F2[x] of degree 2n is equal to
the number of irreducible polynomials if F2[x] of degree n with a linear term.
Note that by Theorem 4.6, we can replace each s(n) term in Lemma 4.1 with s2(n), which represents
the number of self-reciprocal irreducible polynomials of degree 2n over F2[x]. While s(n) is not
generally known for arbitrary n, there is a known formula for s2(n) using Mo¨bius inversion.
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Lemma 4.7 (Carlitz 1967). The number of monic self-reciprocal irreducible polynomials of degree 2n
over GF (q) is given by
sq(n) =


1
2n
(qn − 1) if q is odd and n = 2d
1
2n
∑
d|n
d odd
µ(d)qn/d otherwise,
where µ is the Mo¨bius function.
We now use Lemma 4.1, Corollary 4.5, and Lemma 4.7 to give a precise counting formula for
irreducible polynomials in F2[x
2, x3].
Theorem 4.8. The number of irreducible polynomials of degree n for n ≥ 3 in F2[x
2, x3] is given by
b(n) = a(n)− s2(n) + s2(n− 2) + s2(n− 3) +
∑
k+ℓ=n
s2(k) · s2(ℓ),
where a(n) denotes the number of irreducible polynomials of degree n in F2[x] and s2(n) denotes the
number of self-reciprocal irreducible polynomials in F2[x] of degree 2n.
Example 4.9. The number of irreducible polynomials of degree 5 in F2[x
2, x3] can now be found as
b(5) = a(5)− s2(5) + s2(3) + s2(2) + s2(1) · s2(4) + s2(2) · s2(3)
= 6− 3 + 1 + 1 + 1 · 2 + 1 · 1
= 8,
by Theorem 4.8.
5. Future Work
We have determined tight bounds on the number of irreducible polynomials of degree n in F2[x
2, x3].
The following questions are a step in the direction of extending this work.
Question 5.1. Do the definitions of classic, tame, and wild types directly extend to Fp[x
2, x3], thus
providing a way to directly extend the proof of atomic density in this case?
Question 5.2. Are the definitions of classic, tame, and wild types sufficient to describe all irreducible
polynomials in another semigroup, and how does the answer to this question alter the tight bounds
for the number of each type of irreducible polynomial?
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Appendices
A. Mo¨bius Inversion Formula
The number of irreducible polynomials of degree n over GF (q) is given by
a(n) =
1
n
∑
d|n
µ
(
n/d
)
· qd,
where µ(n) is the Mo¨bius function, given by
µ(n) =


1 if n = 1;
(−1)k if n is a product of k distinct primes;
0 if n has 1 or more repeated prime factors.
This formula follows from the following well-known result (see [11, Chapter 14] for a deeper discussion).
Proposition A.1 ([11, Proposition 18]). If Fq is a finite field with q elements, then x
qn − x factors
over Fq as the product of all irreducible polynomials over Fq whose degree divides n.
Example A.2. The first few values of a(n) are computed as follows:
a(2) = 12 (µ(2)2
1 + µ(1)22) = 12 (−2 + 4) = 1;
a(3) = 13 (µ(3)2
1 + µ(1)23) = 13 (−2 + 8) = 2; and
a(4) = 14 (µ(4)2
1 + µ(2)22 + µ(1)24) = 14 (0 − 4 + 16) = 3.
Chebolu and Mina´c˘ provide a proof of the formula for a(n), which is obtained through the appli-
cation of five facts about finite fields (see [8]). When working over F2[x
2, x3], however, some of those
facts no longer hold true so the argument given cannot directly be applied in F2[x
2, x3]. In particular,
we find that fact 4, “No two distinct monic irreducible polynomials over Fq can have a common root”
does not hold ([8])). For example, we find that x3 + x2 and x4 + x3 both have the roots of −1 and 0,
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even though they are distinct irreducible polynomials. The second fact that fails when working over
F2[x
2, x3] is fact 2, “The roots of an irreducible polynomial over Fq are distinct ([8]).” In F2[x
2, x3],
the most basic example can be used to demonstrate this is x2.
Because the roots are unique over Fq, the authors in [8] can count roots to determine the number
of unique irreducible polynomials in F2[x] of a given degree. In F2[x
2, x3], two distinct irreducible
polynomials can share roots, and there exist roots with multiplicity greater than one. Thus, counting
roots does not account for all irreducible polynomials in F2[x
2, x3]. In order to gain some sense of the
differences between counting irreducible polynomials over F2 versus counting irreducible polynomials
in F2[x
2, x3], Table 3 below provides values of the Mo¨bius inversion formula for small values of a
degree n as well as I(n), the number of irreducible polynomials in F2[x
2, x3], and the ratio a(n)/I(n).
As Theorem 1.1 focuses on the ratio a(n)/qn, this value is also provided when q = 2.
We conclude with a proof of Theorem 1.1 that follows from Proposition A.1.
Proof of Theorem 1.1. Over Fq, we examine the degree of the polynomial x
qn − x both in this form
and in the factored expression in Proposition A.1 and obtain the equality
qn =
∑
d|n
da(d),
which rearranges to
a(n) =
1
n
(
qn −
∑
d|n
d 6=n
da(d)
)
≤
qn
n
and thus gives
lim
n→∞
a(n)
qn
≤ lim
n→∞
1
n
= 0,
as desired. 
degree n a(n) a(n)/2n I(n) a(n)/I(n)
2 1 0.25 2 0.5
3 2 0.25 4 0.5
4 3 0.188 5 0.6
5 6 0.188 8 0.75
6 9 0.141 13 0.692
7 18 0.141 25 0.72
8 30 0.117 42 0.714
Table 3. Percentages of irreducible elements of low degree in F2[x
2, x3] (all values
are rounded to the thousands place).
B. Tables of Polynomials of Small Degree
Tables 4-10 at the end of this document identify which polynomials in the semigroup algebra
F2[x
2, x3] of degree at most 8 are irreducible, and list all factorizations of those that are reducible.
12
Deg. Polynomial Irred. Factorization
2 x2 I
2 x2 + 1 I
3 x3 I
3 x3 + 1 I
3 x3 + x2 I
3 x3 + x2 + 1 I
4 x4 (x2)2
4 x4 + 1 (x2 + 1)2
4 x4 + x2 x2(x2 + 1)
4 x4 + x2 + 1 I
4 x4 + x3 I
4 x4 + x3 + 1 I
4 x4 + x3 + x2 I
4 x4 + x3 + x2 + 1 I
5 x5 x2 · x3
5 x5 + 1 I
5 x5 + x2 x2(x3 + 1)
5 x5 + x2 + 1 I
5 x5 + x3 x3(x2 + 1)
5 x5 + x3 + 1 I
5 x5 + x3 + x2 I
5 x5 + x3 + x2 + 1 (x2 + 1)(x3 + 1)
5 x5 + x4 x2(x3 + x2)
5 x5 + x4 + 1 I
5 x5 + x4 + x2 x2(x3 + x2 + 1)
5 x5 + x4 + x2 + 1 I
5 x5 + x4 + x3 I
5 x5 + x4 + x3 + 1 (x2 + 1)(x3 + x2 + 1)
5 x5 + x4 + x3 + x2 (x2 + 1)(x3 + x2)
5 x5 + x4 + x3 + x2 + 1 I
Table 4. Polynomials of degree 2, 3, 4, and 5 in F2[x
2, x3].
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Deg. Polynomial Irred. Factorization
6 x6 (x3)2, (x2)3
6 x6 + 1 (x3 + 1)2, (x2 + 1)(x4 + x2 + 1)
6 x6 + x2 x2(x2 + 1)2
6 x6 + x2 + 1 I
6 x6 + x3 x3(x3 + 1)
6 x6 + x3 + 1 I
6 x6 + x3 + x2 I
6 x6 + x3 + x2 + 1 I
6 x6 + x4 (x2)2(x2 + 1), (x3 + x2)2
6 x6 + x4 + 1 (x3 + x2 + 1)2
6 x6 + x4 + x3 I
6 x6 + x4 + x3 + 1 I
6 x6 + x4 + x3 + x2 (x3 + x2)(x3 + x2 + 1)
6 x6 + x4 + x3 + x2 + 1 I
6 x6 + x4 + x2 x2(x4 + x2 + 1)
6 x6 + x4 + x2 + 1 (x2 + 1)3
6 x6 + x5 x3(x3 + x2), x2(x4 + x3)
6 x6 + x5 + 1 I
6 x6 + x5 + x4 x2(x4 + x3 + x2)
6 x6 + x5 + x4 + 1 I
6 x6 + x5 + x4 + x3 (x2 + 1)(x4 + x3)
6 x6 + x5 + x4 + x3 + 1 I
6 x6 + x5 + x3 x3(x3 + x2 + 1)
6 x6 + x5 + x3 + 1 (x2 + 1)(x4 + x3 + x2 + 1)
6 x6 + x5 + x4 + x3 + x2 I
6 x6 + x5 + x4 + x3 + x2 + 1 (x2 + 1)(x4 + x3 + 1)
6 x6 + x5 + x2 x2(x4 + x3 + 1)
6 x6 + x5 + x2 + 1 (x3 + 1)(x3 + x2 + 1)
6 x6 + x5 + x4 + x2 x2(x4 + x3 + x2 + 1)
6 x6 + x5 + x4 + x2 + 1 I
6 x6 + x5 + x3 + x2 (x3 + 1)(x3 + x2), (x2 + 1)(x4 + x3 + x2)
6 x6 + x5 + x3 + x2 + 1 I
Table 5. Polynomials of degree 6 in F2[x
2, x3].
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7 x7 (x2)2(x3)
7 x7 + 1 (x3 + x2 + 1)(x4 + x3 + x2 + 1)
7 x7 + x2 x2(x5 + 1)
7 x7 + x2 + 1 I
7 x7 + x3 x3(x2 + 1)2
7 x7 + x3 + 1 I
7 x7 + x3 + x2 (x3 + x2 + 1)(x4 + x3 + x2)
7 x7 + x3 + x2 + 1 (x2 + 1)(x5 + x3 + 1)
7 x7 + x4 (x2)2(x3 + 1), (x3 + x2)(x4 + x3 + x2)
7 x7 + x4 + 1 I
7 x7 + x4 + x3 I
7 x7 + x4 + x2 x2(x5 + x2 + 1)
7 x7 + x4 + x2 + 1 I
7 x7 + x4 + x3 + 1 (x2 + 1)2(x3 + 1)
7 x7 + x4 + x3 + x2 (x2+1)(x5+x3+x2), (x3+x2)(x4 +x3+x2+1)
7 x7 + x4 + x3 + x2 + 1 I
7 x7 + x5 x2(x2 + 1)(x3), (x3 + x2)(x4 + x3)
7 x7 + x5 + 1 I
7 x7 + x5 + x2 x2(x5 + x3 + 1)
7 x7 + x5 + x2 + 1 (x2 + 1)(x5 + 1)
7 x7 + x5 + x3 x3(x4 + x2 + 1)
7 x7 + x5 + x3 + 1 I
7 x7 + x5 + x3 + x2 (x3 + x2)(x4 + x3 + 1)
7 x7 + x5 + x3 + x2 + 1 I
7 x7 + x5 + x4 x2(x5 + x3 + x2)
7 x7 + x5 + x4 + 1 (x2 + 1)(x5 + x2 + 1)
7 x7 + x5 + x4 + x3 (x3 + x2 + 1)(x4 + x3)
7 x7 + x5 + x4 + x3 + 1 I
7 x7 + x5 + x4 + x2 x2(x2 + 1)(x3 + 1)
7 x7 + x5 + x4 + x2 + 1 (x3 + x2 + 1)(x4 + x3 + 1)
7 x7 + x5 + x4 + x3 + x2 I
7 x7 + x5 + x4 + x3 + x2 + 1 (x3 + 1)(x4 + x2 + 1)
Table 6. Polynomials of degree 7 in F2[x
2, x3] (part 1).
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Deg. Polynomial Irred. Factorization
7 x7 + x6 (x2)2(x3 + x2), x3(x4 + x3)
7 x7 + x6 + 1 I
7 x7 + x6 + x2 x2(x5 + x4 + 1)
7 x7 + x6 + x2 + 1 I
7 x7 + x6 + x3 x3(x4 + x3 + 1)
7 x7 + x6 + x3 + 1 (x2 + 1)(x5 + x4 + x3 + x2 + 1)
7 x7 + x6 + x3 + x2 (x2 + 1)2(x3 + x2)
7 x7 + x6 + x3 + x2 + 1 I
7 x7 + x6 + x4 (x2)2(x3 + x2 + 1)
7 x7 + x6 + x4 + 1 (x3 + 1)(x4 + x3 + 1)
7 x7 + x6 + x4 + x2 x2(x5 + x4 + x2 + 1)
7 x7 + x6 + x4 + x2 + 1 I
7 x7 + x6 + x4 + x3 (x2 + 1)(x5 + x4 + x3), (x3 + 1)(x4 + x3)
7 x7 + x6 + x4 + x3 + 1 I
7 x7 + x6 + x4 + x3 + x2 I
7 x7 + x6 + x4 + x3 + x2 + 1 (x2 + 1)2(x3 + x2 + 1)
7 x7 + x6 + x5 x3(x4 + x3 + x2), x2(x5 + x4 + x3)
7 x7 + x6 + x5 + 1 (x2 + 1)(x5 + x4 + x2 + 1)
7 x7 + x6 + x5 + x2 x2(x2 + 1)(x3 + x2 + 1)
7 x7 + x6 + x5 + x2 + 1 I
7 x7 + x6 + x5 + x3 x3(x4 + x3 + x2 + 1)
7 x7 + x6 + x5 + x3 + 1 (x3 + x2 + 1)(x4 + x2 + 1)
7 x7 + x6 + x5 + x3 + x2 I
7 x7 + x6 + x5 + x3 + x2 + 1 I
7 x7 + x6 + x5 + x4 x2(x2 + 1)(x3 + x2)
7 x7 + x6 + x5 + x4 + 1 I
7 x7 + x6 + x5 + x4 + x2 x2(x5 + x4 + x3 + x2 + 1)
7 x7 + x6 + x5 + x4 + x2 + 1 (x3 + 1)(x4 + x3 + x2 + 1), (x2 + 1)(x5 + x4 + 1)
7 x7 + x6 + x5 + x4 + x3 I
7 x7 + x6 + x5 + x4 + x3 + 1 I
7 x7 + x6 + x5 + x4 + x3 + x2 (x3 + 1)(x4 + x3 + x2), (x3 + x2)(x4 + x2 + 1)
7 x7 + x6 + x5 + x4 + x3 + x2 + 1 I
Table 7. Polynomials of degree 7 in F2[x
2, x3] (part 2).
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8 x8 (x2)4, x2(x3)2
8 x8 + 1 (x2 + 1)4
8 x8 + x2 x2(x3 + 1)2, x2(x2 + 1)(x4 + x2 + 1)
8 x8 + x2 + 1 I
8 x8 + x3 x3(x5 + 1)
8 x8 + x3 + 1 I
8 x8 + x3 + x2 I
8 x8 + x3 + x2 + 1 (x3 + 1)(x5 + x2 + 1)
8 x8 + x4 (x2 + 1)(x3 + x2)2, (x2)2(x2 + 1)2
8 x8 + x4 + 1 (x4 + x2 + 1)2
8 x8 + x4 + x3 (x3 + x2 + 1)(x5 + x4 + x3)
8 x8 + x4 + x2 x2(x6 + x2 + 1)
8 x8 + x4 + x2 + 1 (x2 + 1)(x3 + x2 + 1)2
8 x8 + x4 + x3 + 1 I
8 x8 + x4 + x3 + x2 (x3 + x2)(x5 + x4 + x3 + x2 + 1)
8 x8 + x4 + x3 + x2 + 1 I
8 x8 + x5 x2(x3)(x3 + 1), (x4 + x3)(x4 + x3 + x2),
(x3 + x2)(x5 + x4 + x3)
8 x8 + x5 + 1 (x3 + x2 + 1)(x5 + x4 + x3 + x2 + 1)
8 x8 + x5 + x2 x2(x6 + x3 + 1)
8 x8 + x5 + x2 + 1 (x4 + x3 + 1)(x4 + x3 + x2 + 1)
8 x8 + x5 + x3 x3(x5 + x2 + 1)
8 x8 + x5 + x3 + 1 (x3 + 1)(x5 + 1), (x2 + 1)(x6 + x4 + x3 + x2 + 1)
8 x8 + x5 + x3 + x2 (x2 + 1)(x3 + x2)(x3 + x2 + 1)
8 x8 + x5 + x3 + x2 + 1 I
8 x8 + x5 + x4 x2(x6 + x3 + x2)
8 x8 + x5 + x4 + 1 I
8 x8 + x5 + x4 + x3 (x4+x3)(x4+x3+x2+1), (x2+1)(x6+x4+x3)
8 x8 + x5 + x4 + x3 + 1 I
8 x8 + x5 + x4 + x2 x2(x6 + x3 + x2 + 1)
8 x8 + x5 + x4 + x2 + 1 I
8 x8 + x5 + x4 + x3 + x2 (x4 + x3 + 1)(x4 + x3 + x2)
8 x8 + x5 + x4 + x3 + x2 + 1 (x2 + 1)(x6 + x4 + x3 + 1)
8 x8 + x6 (x2)3(x2 + 1), (x2)(x3 + x2)2,
(x2 + 1)(x3)2, (x4 + x3)2
8 x8 + x6 + 1 (x4 + x3 + 1)2
8 x8 + x6 + x2 x2(x3 + x2 + 1)2
8 x8 + x6 + x2 + 1 (x2 + 1)(x3 + 1)2, (x2 + 1)2(x4 + x2 + 1)
8 x8 + x6 + x3 x3(x5 + x3 + 1)
8 x8 + x6 + x3 + 1 (x3 + x2 + 1)(x5 + x4 + x2 + 1)
8 x8 + x6 + x3 + x2 (x4 + x3 + x2)(x4 + x3 + x2 + 1),
(x3 + 1)(x5 + x3 + x2), (x3 + x2)(x5 + x4 + 1)
8 x8 + x6 + x3 + x2 + 1 I
8 x8 + x6 + x4 (x4 + x3 + x2)2, (x2)2(x4 + x2 + 1)
Table 8. Polynomials of degree 8 in F2[x
2, x3] (part 1).
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8 x8 + x6 + x4 + 1 (x4 + x3 + x2 + 1)2, (x2 + 1)(x6 + x2 + 1)
8 x8 + x6 + x4 + x2 x2(x2 + 1)3
8 x8 + x6 + x4 + x2 + 1 I
8 x8 + x6 + x4 + x3 (x4 + x3)(x4 + x3 + 1)
8 x8 + x6 + x4 + x3 + 1 I
8 x8 + x6 + x4 + x3 + x2 I
8 x8 + x6 + x4 + x3 + x2 + 1 I
8 x8 + x6 + x5 x3(x5 + x3 + x2), x2(x6 + x4 + x3)
8 x8 + x6 + x5 + 1 (x3 + 1)(x5 + x3 + 1)
8 x8 + x6 + x5 + x2 x2(x6 + x4 + x3 + 1)
8 x8 + x6 + x5 + x2 + 1 I
8 x8 + x6 + x5 + x3 x3(x2 + 1)(x3 + 1)
8 x8 + x6 + x5 + x3 + 1 I
8 x8 + x6 + x5 + x3 + x2 I
8 x8 + x6 + x5 + x3 + x2 + 1 (x2 + 1)(x6 + x3 + 1)
8 x8 + x6 + x5 + x4 x2(x3 + x2)(x3 + x2 + 1)
8 x8 + x6 + x5 + x4 + 1 I
8 x8 + x6 + x5 + x4 + x2 x2(x6 + x4 + x3 + x2 + 1)
8 x8 + x6 + x5 + x4 + x2 + 1 I
8 x8 + x6 + x5 + x4 + x3 I
8 x8 + x6 + x5 + x4 + x3 + 1 (x2 + 1)(x6 + x3 + x2 + 1)
8 x8 + x6 + x5 + x4 + x3 + x2 (x2+1)(x6+x3+x2), (x3+x2)(x5+x4+x2+1)
8 x8 + x6 + x5 + x4 + x3 + x2 + 1 (x3 + x2 + 1)(x5 + x4 + 1)
8 x8 + x7 x2(x3)(x3 + x2), (x2)2(x4 + x3)
8 x8 + x7 + 1 I
8 x8 + x7 + x2 x2(x6 + x5 + 1)
8 x8 + x7 + x2 + 1 I
8 x8 + x7 + x3 x3(x5 + x4 + 1)
8 x8 + x7 + x3 + 1 (x2 + 1)2(x4 + x3 + 1)
8 x8 + x7 + x3 + x2 (x2+1)(x6+x5+x4+x3+x2), (x3+x2)(x5+1)
8 x8 + x7 + x3 + x2 + 1 I
8 x8 + x7 + x4 (x2)2(x4 + x3 + 1)
8 x8 + x7 + x4 + 1 I
8 x8 + x7 + x4 + x3 (x2 + 1)2(x4 + x3)
8 x8 + x7 + x4 + x2 x2(x3 + 1)(x3 + x2 + 1)
8 x8 + x7 + x4 + x2 + 1 I
8 x8 + x7 + x4 + x3 + 1 (x3 + x2 + 1)(x5 + x2 + 1)
8 x8 + x7 + x4 + x3 + x2 I
8 x8 + x7 + x4 + x3 + x2 + 1 (x3 + 1)(x5 + x4 + x2 + 1),
(x2 + 1)(x6 + x5 + x4 + x3 + 1)
8 x8 + x7 + x5 x2(x3)(x3 + x2 + 1)
8 x8 + x7 + x5 + 1 (x2 + 1)(x6 + x5 + x4 + x2 + 1)
8 x8 + x7 + x5 + x2 x2(x2 + 1)(x4 + x3 + x2 + 1)
8 x8 + x7 + x5 + x2 + 1 I
Table 9. Polynomials of degree 8 in F2[x
2, x3] (part 2).
18
Deg. Polynomial Irred. Factorization
8 x8 + x7 + x5 + x3 x3(x5 + x4 + x2 + 1)
8 x8 + x7 + x5 + x3 + 1 I
8 x8 + x7 + x5 + x3 + x2 (x4 + x2 + 1)(x4 + x3 + x2)
8 x8 + x7 + x5 + x3 + x2 + 1 (x3 + x2 + 1)(x5 + 1)
8 x8 + x7 + x5 + x4 x2(x3 + 1)(x3 + x2), x2(x2 + 1)(x4 + x3 + x2)
8 x8 + x7 + x5 + x4 + 1 I
8 x8 + x7 + x5 + x4 + x3 I
8 x8 + x7 + x5 + x4 + x3 + 1 (x4+x2+1)(x4+x3+x2+1), (x3+1)(x5+x4+1)
8 x8 + x7 + x5 + x4 + x2 x2(x6 + x5 + x3 + x2 + 1)
8 x8 + x7 + x5 + x4 + x2 + 1 (x2 + 1)(x6 + x5 + x4 + 1)
8 x8 + x7 + x5 + x4 + x3 + x2 (x3 + x2)(x5 + x2 + 1)
8 x8 + x7 + x5 + x4 + x3 + x2 + 1 I
8 x8 + x7 + x6 (x2)2(x4 + x3 + x2), x3(x5 + x4 + x3)
8 x8 + x7 + x6 + 1 I
8 x8 + x7 + x6 + x2 x2(x6 + x5 + x4 + 1)
8 x8 + x7 + x6 + x2 + 1 (x3 + x2 + 1)(x5 + x3 + 1)
8 x8 + x7 + x6 + x3 x3(x2 + 1)(x3 + x2 + 1)
8 x8 + x7 + x6 + x3 + 1 I
8 x8 + x7 + x6 + x3 + x2 I
8 x8 + x7 + x6 + x3 + x2 + 1 (x2 + 1)2(x4 + x3 + x2 + 1)
8 x8 + x7 + x6 + x4 (x2)2(x4 + x3 + x2 + 1), (x3 + x2)(x5 + x3 + x2)
8 x8 + x7 + x6 + x4 + 1 I
8 x8 + x7 + x6 + x4 + x2 x2(x6 + x5 + x4 + x2 + 1)
8 x8 + x7 + x6 + x4 + x2 + 1 (x3 + 1)(x5 + x4 + x3 + x2 + 1)
8 x8 + x7 + x6 + x4 + x3 I
8 x8 + x7 + x6 + x4 + x3 + 1 (x2 + 1)(x6 + x5 + x3 + x2 + 1)
8 x8 + x7 + x6 + x4 + x3 + x2 (x2 + 1)(x3 + 1)(x3 + 2), (x2 + 1)2(x4 + x3 + x2)
8 x8 + x7 + x6 + x4 + x3 + x2 + 1 I
8 x8 + x7 + x6 + x5 x2(x2 + 1)(x3 + x2), x2(x2 + 1)(x4 + x3)
8 x8 + x7 + x6 + x5 + 1 I
8 x8 + x7 + x6 + x5 + x2 x2(x6 + x5 + x4 + x3 + 1)
8 x8 + x7 + x6 + x5 + x2 + 1 (x2 + 1)(x6 + x5 + 1)
8 x8 + x7 + x6 + x5 + x3 x3(x5 + x4 + x3 + x2 + 1)
8 x8 + x7 + x6 + x5 + x3 + 1 I
8 x8 + x7 + x6 + x5 + x3 + x2 (x3 + x2)(x5 + x3 + 1)
8 x8 + x7 + x6 + x5 + x3 + x2 + 1 (x4 + x2 + 1)(x4 + x3 + 1)
8 x8 + x7 + x6 + x5 + x4 x2(x6 + x5 + x4 + x3 + x2)
8 x8 + x7 + x6 + x5 + x4 + 1 (x2 + 1)(x3 + 1)(x3 + x2 + 1)
8 x8 + x7 + x6 + x5 + x4 + x2 x2(x2 + 1)(x4 + x3 + 1)
8 x8 + x7 + x6 + x5 + x4 + x2 + 1 I
8 x8 + x7 + x6 + x5 + x4 + x3 (x4 + x2 + 1)(x4 + x3), (x3 + 1)(x5 + x4 + x3)
8 x8 + x7 + x6 + x5 + x4 + x3 + 1 I
8 x8 + x7 + x6 + x5 + x4 + x3 + x2 (x3 + x2 + 1)(x5 + x3 + x2)
8 x8+x7+x6+x5+x4+x3+x2+1 I
Table 10. Polynomials of degree 8 in F2[x
2, x3] (part 3).
